Abstract We study the complete conformal geometry of shear-free spacetimes with spherical symmetry and do not specify the form of the matter content. The general conformal Killing symmetry is solved and we can explicitly exhibit the vector. The existence of a conformal symmetry places restrictions on the model. The conditions on the gravitational potentials are expressed as a system of integrability conditions. Timelike sectors and inheriting conformal symmetry vectors, which map fluid flow lines conformally onto fluid flow lines, are generated and the integrability conditions are shown to be satisfied. As an example, a spacetime, which is expanding and accelerating, is identified which contains a spherically symmetric conformal symmetry.
Introduction
The importance and relevance of spacetime symmetries have been emphasised in the reviews of Choquet-Bruhat et al [1, Chap. 5 ], Stephani et al [2, Chap. 11] and Hall [3, Chap. 7, Chap. 11] . Symmetries have been studied extensively as they help to provide a deeper insight into the spacetime geometry. They assist in the modelling of realistic astrophysical and cosmological phenomena in a general relativistic setting by providing new exact solutions to the field equations: the nonlinear Einstein equations for neutral barotropic matter and the coupled Einstein-Maxwell equations in the presence of the electromagnetic field. Spacetime symmetries are crucial for the central role they play in the classification and categorisation of the exact solutions of the Einstein field equations. A major thrust is to establish and clarify links between symmetries, conserved quantities, the structure of manifolds and gravitational interactions.
Of particular interest are the conformal symmetries. They have the geometric property of preserving the structure of the null cone by mapping null geodesics to null geodesics. Conformal symmetries are physically significant as they generate constants of the motion along null geodesics for massless particles. The conformal geometry has been studied in Robertson-Walker spacetimes by Maartens and Maharaj [4] and Keane and Barrett [5] . A detailed analysis of conformal vectors has been undertaken by Maartens and Maharaj [6] and Keane and Tupper [7] in ppwave spacetimes. Tupper et al [8] considered the existence of conformal vectors in null spacetimes. The general conformal equations in plane symmetric static spacetimes was completed by Saifullah and Yazdan [9] . The full conformal structure in spherically symmetric static spacetimes was found by Maartens et al [10] . The conformal geometry of nonstatic spherically symmetric spacetimes was analysed by Moopanar and Maharaj [11] without specifying the form of the matter content. Chrobok and Borzeszkowski [12] modelled irreversible thermodynamic processes close to equilibrium and Bohmer et al [13] modelled wormhole structures with exotic matter. These examples illustrate the applications of conformal motions in cosmology. Mak and Harko [14] studied charged strange stars with a quark equation of state, Esculpi and Aloma [15] generated anisotropic relativistic charged fluid spheres with a linear barotropic equation of state, Usmani et al [16] extended the concept of a Bose-Einstein condensate to gravity to construct gravastars and Herrera et al [17] studied reversible dissipative processes and Landau damping in stellar systems. These examples are a sample of the various applications of conformal motions in relativistic astrophysics. Therefore it is important to find conformal symmetries in spacetimes of physical interest.
Shear-free relativistic fluids which are expanding and accelerating are important for describing gravitational processes in inhomogeneous cosmological models [18, Chap. 2] and radiating stellar spheres [19] . There is a need to study the conformal symmetries in such settings. Our intention is to generate the general conformal Killing vector for an arbitrary matter distribution. The dynamics are studied by considering the Einstein field equations in a manifold under the action of the Lie algebra of conformal vectors. In Section 2 the shear-free line element and conformal Killing equations are presented. The system of coupled conformal equations are solved and the general solution is presented explicitly subject to integrability conditions. The particular cases of timelike hypersurface orthogonal and inheriting conformal symmetries are considered in Section 3. The integrability conditions can be integrated and the conformal vector has a simple form. We demonstrate in Section 4 exact solutions of the Einstein field equations are possible for expanding and accelerating relativistic fluids by assuming a particular spherically symmetric conformal vector. Some concluding remarks are made in Section 5.
Conformal Equations
We write the line element for shear-free spherically symmetric spacetimes in the form
where the gravitational potentials ν and λ are functions of t and r. We are utilising coordinates (x a ) = (t, r, θ, φ) that are simultaneously comoving and isotropic relative to the fluid four-velocity u i = e −ν δ i 0 . The nonvanishing kinematical quantities for (2.1) are the acceleration and the expansion. As this spacetime is spherically symmetric, the vorticity vanishes in comoving coordinates.
A conformal Killing vector X satisfies the relationship
which determines the action of the Lie infinitesimal generator L X on the metric tensor field g. The quantity ψ = ψ(x i ) is the conformal factor. It is possible to analyse the conformal symmetry structure of the shear-free metric (2.1) without having to assume forms for the conformal vector X and the conformal factor ψ. The conformal Killing vector equation (2.2) generates the following system for the metric (2.1):
This system comprises first order coupled partial differential equations which are linear in the conformal vector X = (X 0 , X 1 , X 2 , X 3 ) and the conformal factor ψ. In our notation subscripts denote partial differentiation.
The integration procedure to obtain the conformal Killing vector involves manipulating the above system to obtain equations involving individual components X 0 , X 1 , X 2 , X 3 and ψ. The resulting equations decouple and integrability conditions (restricting the metric functions ν and λ) are generated. We find that the components of the conformal Killing vector and the conformal factor are given by
where C, D, I, J and K are arbitrary functions of t and r that arise from the integration process and a 1 -a 5 are constants. This solution is subject to the following twelve integrability conditions:
These conditions place restrictions on the functions of integration and the metric functions.
The above solution may be simplified and expressed in a more compact form. The constants a 1 and a 2 are eliminated if we let
We introduce the new variables
The components of the conformal Killing vector and the conformal factor can then be written in the form
4a)
4c)
The integrability conditions can also be written more compactly as
The conformal vector X and the conformal factor ψ in (2.4) constitute the general solution of the system (2.3). This solution is subject to the integrability conditions (2.5). The angular dependence of the solution is fully determined as the spacetime is spherically symmetric; the functions of integration and the metric potentials depend only on t and r. The general conformal symmetry found represents a shear-free relativistic fluid which is expanding and accelerating under the action of (2.2). It is possible to achieve a simpler form of the conformal vector X in the shearfree model studied here than is possible in the shearing model of [11] since there are fewer metric functions. We achieve this further simplification by taking various combinations of the conditions (2.5) to obtain the conditions
Upon integration we get
where F i , G i and F 4 are functions of integration. The integrability conditions then imply
where dots denote derivatives with respect to t. This gives
where the quantities H i result from the integration process. Then with these results we can write (2.4) in the simpler form
The integrability conditions (2.5) become
Observe that only the integration function A 0 depends on t and r. The r-dependence of the functions A i and A 4 has been completely specified -there is freedom only in the t coordinate.
Particular Vectors
For a purely timelike vector we must have for consistency The condition
was introduced by Herrera et al [20] and Maartens et al [21] and studied widely by Coley and Tupper [22] , [23] 
The inheriting conditions may be solved since X 0 = X 0 (t) and the integration is simplified. Two cases arise since A 0 = A 0 (t) and H i = 0; F i and G i are constants. The quantity F 4 is also constant. Firstly when F i = 0 and G i = 0 then the integrability conditions become
which places a restriction on the potentials ν and λ. Secondly when
and only (3.3b) is applicable. Equation (3.3b) can be solved by the method of characteristics. The general solution is given by 
Spherical Models
The objective is to find an exact solution to the field equations which contains a conformal vector. In our case the ideal is to obtain the conformal vector X that satisfies the integrability conditions (2.7) and the Einstein field equations. This is difficult to achieve in general. We can make progress if we suppose that
i.e. the conformal vector is spherically symmetric. This case was first investigated by Dyer et al [24] . For the conformal vector (4.1) the equations (2.6) imply
Then the conformal factor (2.6e) becomes ψ = tν t + rν r + 1, and the integrability conditions (2.7) reduce to the single equation
for some constant c. For the spherically symmetric conformal vector (4.1) the solution of the field equations is then reducible to the integration of a single, nonlinear third order differential equation given by
as established by Dyer et al [24] . This nonlinear equation may be integrated in terms of elementary functions and Painlevé transcendents as demonstrated by Maharaj et al [25] and Havas [26] . The behaviour of the metric functions, governed by this third order equation, has been comprehensively investigated by Govinder et al [27] utilising the Painlevé and Lie analyses.
Discussion
In this paper we investigated conformal symmetries in spherically symmetric spacetimes with vanishing shear. The conformal Killing vector equation was solved in general subject to integrability conditions. We demonstrated that timeline and inheriting vectors are admitted. As an example we showed that spherically symmetric conformal symmetries are permitted that satisfy the Einstein field equations. Now that we have the full conformal geometry for shear-free relativistic fluids it becomes possible to comprehensively analyze the Einstein equations to find exact solutions with this symmetry. This is an object of future research. We have not specified any matter distribution to find the general conformal symmetry in this analysis. The particular matter field chosen and the field equations will place restrictions on the dynamics as indicated by Maharaj and Lortan [28] . On physical grounds it is necessary to specify the form of the matter field when studying the properties of symmetries. Many treatments of conformal symmetries include energy momentum tensors comprising of perfect or imperfect matter tensors. The presence of a nonzero electromagnetic field is likely to produce new effects which are not present in results containing only neutral matter.
